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The solution of Case 0 given by Terry et al. [2] requires a non-Abelian group 
to label the arcs of the current graph. This paper proves that there is really no 
index 1 solution for all n = 0 (mod 12) with an Abelian group. The argument 
can easily be transferred to Case 3. 
The Heawood Map Color Theorem which was finally proved in 1968 [l] 
states that the chromatic number of an orientable surface of genus p 
(p > 0) is equal to the integral part of (7 + d-)/2. The natural 
way to prove this is to determine the genus of the complete graph K, 
(for notations and definitions see [2] and [3]). The genus y(G) of a graph 
G is the smallest of all numbers x such that G is embeddable into an 
orientable surface of genus x. It has to be shown that for every 
n (n > 3) r(&) is the smallest integer greater or equal to (n - 3)(n - 4)/12. 
The above theorem is then a consequence of that fact. 
The basic notion used is that of a current graph S = S(G,J with certain 
additional properties (so-called quotient graph of index 1): 
(A) G, is a group with n elements and the neutral element e. 
(B) S is a current graph with currents from G,\(e). 
(C) Each vertex of S is of degree 1 or 3. 
(D) There is a rotation on S which induces exactly one circuit. 
(E) Each element of G,\(e) appears exactly once as the current on an 
oriented arc. 
(F) Each element of order 2 in G, appears as the current of a singular 
arc. 
(G) The current leaving a vertex of degree 1 is of order 3 in G, . 
(H) Kirchhoff’s Current Law holds at each vertex of degree 3. 
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Every such graph determines a triangular embedding of K, and there- 
fore a decomposition of the surface into n mutually adjacent (n - I)-gons. 
The conversion of this statement is also true as is shown in [4]. Every 
cyclic triangular scheme for IZ (n - I)-gons yields a current graph with 
the properties (A) to (H). 
According to the Euler formula a triangular embedding of K, is pos- 
sible only for it = 0, 3,4, or 7 (mod 12). In order to solve Case 0 one has 
to find such a triangular embedding and therefore a graph and an appro- 
priate group for every II = 0 (mod 12). Case 0 is the most difficult of all 
twelve cases because it is impossible to use an Abelian group as Terry 
et al. mention in [2]. It is the purpose of this paper to give a proof of that 
statement. Thereby we will contribute to the characterization of the group 
needed. 
We now assume that there exists a solution with a cyclic group G and 
the current graph S = S(G) for an arbitrary number n = 0 (mod 12): 
n = 12s = 3 .4s, IGI =n. 
Therefore G has exactly two elements of order 3. Accordingly S has at 
most one vertex of degree 1 for both the entering and the leaving currents 
have to be of order 3 and they are different from each other (E, G). 
Denote the number of vertices of degree 1 by v and the total number 
by w. Then v = 0 or 1. S has (w - u) vertices of degree 3 (C). We get the 
number of elements in G,\(e) if we add all the currents that leave a vertex 
(E). Therefore: 
n - 1 = 12s - 1 = 3(w - v) + u; 
3(4s - w) = 1 - 2v 
= I 
1, v = 0, 
-1, v = 1. 
The last equation is contradictory because 1 and - 1 are not divisible by 3. 
This shows that it is impossible to take a cyclic group. The argument 
can be extended to Abelian groups in general if we restrict ourselves to a 
special class of numbers n. Let n = 12s where 3 is not a factor of s. An 
Abelian group G can be represented as the direct product of cyclic groups: 
1 G 1 = 12s = 3m, 3 f m; 
G = Z,, x Z,,, x -.a , 3 I nl y 3fn,,i> 1. 
It follows that Znl has exactly two elements of order 3 and so has G. 
Again one has v = 0 or 1 and we get a contradiction. 
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The only remaining values of s are 3, 6, 9,... . For 3 and 6 it can be 
shown by exhaustion that no “Abelian solution” is possible. 
Terry et al. tirst construct an appropriate graph S(GJ for n = 12 * 2”. 
From that it is easy to obtain a general solution. Therefore it is reasonable 
to use a non-Abelian group even if for some special values of s there 
might be an “Abelian solution.” 
In the group G that we need, let t denote the number of elements of 
order 3. The equation 
3(4X - w) = 1 - 2v 
shows that the only possible values for v are 2, 5, 8,... . So we have 
G must have at least four elements of order 3. 
REMARKS ON CASE 3. The method can also be used for Case 3. Sup- 
pose n = 12s + 3 = 3(4s + 1). Take a special value of s such that 3 is 
not a divisor of 4s + 1. With an Abelian group it follows again that G 
has not more than two elements of order 3. That means the graph has 
one or none vertex of degree 1. We have: 
3(4s + 1) - 1 = Iz - 1 = 3(w - v) + u; 
3(4s + 1 w) 1 v = = 0, - - 2v = 1 -:y , v = 1. 
The last equation is a contradiction. 
It should be mentioned, however, that in both cases one can take 
Abelian groups if one allows the solution to be of higher index (see [3] 
for Case 0, [5] for Case 3). 
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